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ON VOLTERM INTEGilAL EQUATIONS WITH 

NONNEGATIVE INTEGRABLE RESOLVENTS 

R. K. M i l l e r  

I. INTRODUCTION ' . 

Given t h e  l i n e a r  Vol te r ra  in tegra l  equat ion 

t 
(1) X( t) = F( t) - ],a( t - s ) X (  s )ds ,  {t 2 0) 

it, i s  w e l l  known t h a t  t h e  so lu t ion  has t h e  form 

t 
X ( t )  = F ( t )  - l ok ( t - s )F ( s )ds  

.where t h e  reso lvent  k e r n e l  k ( t )  i s  t h e  so lu t ion  o f  t h e  l i n e a r  equa- 

t ion  

(R)  
t 

k ( t )  = a ( t )  - Joa( t - s )k(s )ds .  

I n  sec t ion  I1 below w e  give s u f f i c i e n t  cond i t ions  on t h e  fmc- 

t i o n  a( t )  i n  o rde r  t h a t  k ( t )  be both  nonnegative and o f  class 

L1(O,m). We give simple formulas for c a l c u l a t i n g  lek( t ) d t .  These 

r e s u l t s  give d e t a i l e d  information concerning 'the s o l u t i m  ( 2 )  3f t h e  

l i n e a r  equat ion (1) when t h e  func t ion  F($) i s  known. It i s  a l s o  

shown t h a t  if a ( t )  i s  nonconstant, l o c a l l y  i n t e g r a b l e  and completely 

Q) 



r 

manic on 0 < t < 00, t hen  a ( t )  s a t i s f i e s  our s u f f i c i e n t  condi t ions .  

T h i s  shows t h a t  our c r i t e r i a  a r e  s a t i s f i e d  by  a l a r g e  class of i n t e r e s -  

t ing  and important ke rne l s  a ( t ) .  

The r e s u l t s  of s e c t i o n  I1 a l s o  g ive  information concerning 

Consider t h e  equat ion t h e  behavior  of c e r t a i n  nonl inear  equations.  

t 
4%) = F ( t )  - Zoa( t - s )g(x(s ) )ds ,  

where g(x) = X+O( x) a s  1 X I  -+ 0. According t o  t h e  theo ry  developed 

i n  [ 81 i f  F i s  "small", t h e  so lu t ion  k ( t )  o f  equation ( R )  i s  

L'(0,m) and t h e  so lu t ion  X ( t )  o f  equat ion (1) tends  t o  zero a s  

t + m, then  t h e  so lu t ion  x ( t )  of ( 3 )  t ends  t o  zero. If 

I a E L ( O , m ) ,  then  a we l l  known r e s u l t  of Paley-Weiner provides necessary  

and s u f f i c i e n t  condi t ions  i n  order t h a t  k be  o f  c l a s s  

c . f .  [ 12, p. 601. 

t h e  range o f  app l i ca t ion  o f  t h e  r e s u l t s  i n  [8] it would be o f  i n t e r e s t  

Ll(O,m), 

Nohel [ 103 has pointed ou t  t h a t  i n  order  t o  widen 

1 
t o  develope o t h e r  genera l  c r i t e r i a  which guarantee 

The results i n  s e c t i o n  I1 a r e  a p a r t i a l  s o l u t i o n  t o  t h i s  problem. 

k ( t )  E L ( 0 , m ) .  

In  s e c t i o n s  111, I V  and V below t h e  r e s u l t s  of s e c t i o n  I1 I 
ape applied t o  t h e  s tudy  of t h e  behavior of s o l u t i o n s  of nonl inear  

equat ions  of t h e  form 

t 
x( t )  = Ioa( t-s) G( x( E?), s)ds (t  2 0) 



. r .  , 
- .  

.. 
i 

when G(x,t)  i s  nonincreasing i n  x ( f o r  each f ixed  t) and a ( t )  

i s  such t h a t  k ( t )  i s  both  nonnegative and o f  class L1( 0 , ~ ) .  Sec- 

t i o n  111 con ta ins  pre l iminary  r e s u l t s  which a r e  needed i n  t h e  sequel. 

Sec t ion  N con ta ins  r e s u l t s  concerning t h e  behavior o f  x ( t )  when 

G(x,t) i s  nondecreasing i n  t. I n  s e c t i o n  V we show t h a t  i f  G i s  

a - p e r i o d i c  i n  i t s  second v a r i a b l e  and s a t i s f i e s  some o t h e r  mild con- 

d i t i o n s ,  then  t h e  s o l u t i o n  x ( t )  

pe r iod ic  func t ion  q ( t )  as t 00,  

of equation ( N )  t ends  t o  a c e r t a i n  

The r e s u l t s  i n  s e c t i o n  I1 a r e  r e l a t e d  t o  c e r t a i n  r e s u l t s  o f  

Friedman [ 2, 31. 

o r  t h a t  

Under t h e  add i t ion  assumption t h a t  a E C 2 ( 0 , m )  

+ 
a ( 0  ) < 00, Theorem 2 can be proved us ing  Friedman's techniques.  

Corol la ry  2 was proved by Friedman us ing  d i f f e r e n t  techniques,  c.f .[2,  Theorem e j  

The r e s u l t s  i n  s ec t ions  I11 and I V  a r e - r e l a t e d  t o  r e s u l t s  o f  Mann and 

Wolf [6], Mann and Roberts [ > I ,  Padmavalley Ell] and 

They gene ra l i ze  a l l  o f  t h e  main r e s u l t s  i n  [3] and [ 111. Friedman . 

[2, p. 3911 has suggested a d i f f e r e n t  method o f  ob ta in ing  t h e  r e s u l t s  

i n  s ec t ion  IV under s l i g h t l y  s t ronger  smaothness assumptions on t h e  

Friedman [ 2 ] .  

func t ion  G. 

Theorem 10 o f  sec t ion  V gene ra l i zes  c e r t a i n  results o f  

Levinson [ 4, Theorem 2) and Friedman [3,  Theorem 53. 

gene ra l  assumptions on a ( t )  and G Friedman shows t h a t  t h e  solu- 

t i o n  x ( t )  o f  equation ( N )  s a t i s f i e s  t h e  condi t ion  

Under very  
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He askes  whether o r  not condi t ion  (4) can be rep laced  by t h e  s t ronge r  

a s s e r t i o n  t h a t  x ( t )  t ends  t o  a 2TI-periodic func t ion  as t + W. The 

results i n  s e c t i o n  V show t h a t  t h e r e  does e x i s t  a 2 L p e r i o d i c  func t ion  

cp .such t h a t  

l i m ( x ( t )  - cp(t)]  = o (t 430). 

The b a s i c  r e s u l t s  on l o c a l  ex is tence ,  uniqueness and con- 

t i n u a t i o n  of s o l u t i o n s  o f  nonl inear  Vo l t e r r a  i n t e g r a l  equations w i l l  

be  needed i n  t h e  sequel. Local ex is tence  and uniqueness theorems 

are i n  most t e x t s .  The necessary r e s u l t s  on cont inua t ion  a s  w e l l  a s  

very gene ra l  ex is tence  and uniqueness theorems may be found i n  [9]. 

11. THE RESOLWJT KERNEL 

The fol lowing r e s u l t  of Friedman [2, p. 3871 concerning t h e  

equation 

Will be needed. This  r e s u l t  i s  a g e n e r a l i z a t i o n  o f  Lemmas 1, l a  and 

lb of f ll] . Since t h e  proof i s  n o t  completely c l e a r  from Friedman's 

remarks, a proof i s  given here .  

* 
THEOREM 1. SuppDse f i s  p o s i t i v e  and continuous -- on t h e  i n t e r v a l  - 7 
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. . . . . .  ~ . . , . . . . . 
0 6 t < m. L e t  h be p o s i t i v e ,  continuous and l o c a l l y  i n t e g r a b l e  on 

0 < t < Q). Suppose g(x , t )  i s  measurable i n  ( x , t )  f o r  -m < x < m, 

0 S t < m, g. i s  continuous i n  x fo r  each f ixed  t, xg(x,t)  2 0 f o r  

a l l  ( x , t )  and t h e  func t ions  f, h and g a r e  s u f f i c i e n t l y  smooth 

t o  guarantee t h e  uniqueness o f  t h e  s o l u t i o n  o f  ( 5 ) .  

- - - - 
- - - 

. . .  . .  . .  . .  
- - - --- 

- -- - - 
If -- - - - - 

whenever 0 5 s 5 T < tJ then  t h e  s 3 l u t i o n  x ( t )  of ( 5 )  e x i s t s  f o r  - -- 
a l l  t 2 0 and s a t i s f i e s  0 5 x ( t )  6 f(t). - - 
Proof. Define g*(x , t )  = g(x , t )  i f  x 2 0 and g*(x , t )  = 0 i f  

x 4 0. Let x* ( t )  be a s o l u t i o n  o f  ( 5 )  when g i s  rep laced  by g*. 

Then f o r  a s  long a s  x* e x i s t s  it must be nonnegative. If t h i s  were 

-not t rue,  then  t h e  s e t  

- 

A = (t 2 0; x*(s) e x i s t s  on [O,t)  and x*(t)  < 0) 

i s  a nonempty open s e t .  L e t  (T,T ) be  a maximal open i n t e r v a l  con- 

t a i n e d  i n  A. Then x*(T) = 0 and for T < t < To 

0 

T 
0 > x * ( t >  = f ( t )  - Joh(t-s)g*(x*(s) ,s)ds  

= ( f ( t ) / f ( T ) ] ~ * ( T )  = 0. 



This  con t r ad ic t ion  shows t h a t  A i s  empty. Since x* i s  non- 

nega t ive ,  o 5 x*(t) 5 f ( t )  f o r  a s  long  as x* e x i s t s .  S ince  f ( t )  

is bounded on each f i n i t e  i n t e r v a l ,  x*(t)  can be continued as a 

s o l u t i o n  o f  t h e  i n t e g r a l  equ@tions fo r  a l l  t Z 0. The d e f i n i t i o n  of 

g)c impl ies  t h a t  x*( t) = x(t)  . This  completes t h e  proaf of Theorem 1. 

Concerning t h e  func t ion  a(%) it i s  assumed t h a t  

( A l )  a E L1(O,l), 

(A2) a i s  p o s i t i v e ,  continuous and nonincreas ing  on t h e  i n t e r v s l  

O < t < w ,  and 

(A3) f o r  any T > 0 t h e  f 'unction a ( t ) / a ( , t tT )  i s  a nanincreas ing  

func t ion  o f  t on t h e  i n t e r v a l  0 < t < 03 (compare [ 5 ,  p. 4321). 

THEOREM 2. If a ( t )  s a t i s f i e s  (A1-3), then  equat ion  ( R )  h a s  a unique, 

l o c a l l y  i n t e g r a b l e  so lu t ion  k. The func t ion  k e x i s t s  and i s  con- 

t i nuous  on 0 < t < w. If a(O+) < a, then  k i s  a ls3 defined and 

- -- - 
- --- 

- e - -- - 
cont inuous a t  t = 0. Moremer 

0 5 k ( t )  5 a ( t )  

I k ( t ) d t  5 1, and 

- 
on 0 < t < 00, - 

OD 

(i) 

(ii) 

(iii) k ( t )  f 0 on any i n t e r v a l  o f  t h e  form (O,T), T > 0. 
- 0 

--- 
Proof. Let en be a p o s i t i v e  sequence dec reas ing  t o  zero. Define - 
a n ( t )  = a ( t e n )  and l e t  kn be  t h e  unique s o l u t i o n  o f  
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t 
( 6 )  k n ( t )  = an( t )  - l o a ( t - s ) k n ( s ) d s .  ( t  2 0) 

If follows from Theorem 1 above t h a t  

0 <. t < -. 
0 5 k (t) 5 a (t) 5 a ( t )  f o r  n n 

Since k n ( t )  h 0 and a ( t )  i s  nonincreasing 

= { a n ( t )  - k n ( t ) ) / a ( t )  5 1. 

QD 

L e t t i n g  t + we see t h a t  /,I k n ( s ) l d s  5 1. 

Fix any T > 0 and def ine  K n ( t )  = k n ( t )  on 0 S t 5 T 
- 

and K,( t )  = 0 elsewhere. Then 

a0 

1 -00 IKn(s) lds  5 1. ( n  = 1, 2, 3 ,  ...) 

For any h (0  < h < 1) we have 

Since 0 5 k n ( t )  5 a ( t )  it fallows t h a t  

8 
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T t + h  T h  

0 0  
!,It a( t+h-s)kn( s ) d s d t  5 J a( h-s )kn( t+s)dsdt  

h T  h h 

o o n  0 
. =  J (I k ( t + s ) d t ) a ( h - s ) d s  S J l * a ( h - s ) d s  = /oa(s)ds. 

S i m i l i a r l y  it fa l lows  t h a t  

T t  T T  IhJo( a(s+h) - a(s ) l  kn ( t - s )dsd t  5 / , [~skn( t - s )d t} l  a( s+h) - a( s) I  d s  

T 
S ,f 1-1 a( s+h)  - a( s ) (*ds .  

0 

Therefore  when & < 1 n 

Since f o r  each n, k,(t) 5 a ( t )  it fo l lows  t h a t  

as h + 0' unifmmly f o r  a l l  n. A s i m i l i a r  r e s u l t  ho lds  when h + 0-. 
I. 

i. 
T h i s  shows t h a t  t h e  sequence (Kn) has  compact c l o s u r e  i n  t h e  space 

1 L (-a,-), C .  f. [l, pp. 298-2991. 
1 

ko E L (0,T)  There i s  a func t ion  and a subsequence (which 

we aga in  index by n) such t h a t  kn + ko i n  L1(O,T). By poss ib ly  

t a k i n g  a f u r t h e r  subsequence we may assume t h a t  

Repeating t h e  above argument f o r  t h e  success ive  i n t e r v a l s  

k,(t) + k o ( t )  a. e .  

(O,nT), 
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n = 2, 3 ,  4,. . . and us ing  t h e  d iagonal  subsequence we may de f ine  k o ( t )  

on a l l  o f  (0 ,~)  

Since k,(t) + k a ( t )  a .  .e. it fallows t h a t  0 5 k o ( t )  5 a ( t )  
m 

a. e .  on (0,~). C l e a r l y  l o k o ( t ) d t  5 1. 

2a(s), it follows from dominated convergence t h a t  a. e .  

Since a. e. Ikn(s)  - ko(s)I 5 

t 
' loa( t - s ) (k , ( s )  - ko(s ) )ds  + O  

as n +a. Therefore  ko solves equat ion ( R )  a. e .  

For 0 < t < m def ine  

t 
k ( t )  = a ( t )  - I ,a(t-s)k,(s)ds.  

Then k ( t )  i s  continuous on 0. < t < 00 and k ( t )  = k o ( t )  a. e. Thus 

k so lves  (R)  and s a t i s f i e s  (i) and ( i t ) .  Since a(0') = k(O+) one 

can d e f i n e  k(0) = a(0') i f  a(0') < 00. 

I n  order  t o  prove uniqueness suppose kl € L'(O,T), i s  con- 

t i n u o w - o n  0 < t < T and solves ( R ) .  F i x  an i n t e g e r  n so l a r g e  t h a t  

i f  h = T/n, t ben  I o a ( s ) d s  < 1. If k l ( t )  f k ( t )  on .(C),h] t hen  
h 
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Therefore k l ( t )  = k ( t )  on (O,h]. Since 

h t 
k ( t+h) .  = [ a ( t+h)  - joa( t+h-s)k(  s )ds)  - Ioa ( t - s )k (  s+h)ds 

The same argument shows t h a t  

h 
Jo1kl(t+h) - k ( t + h ) l d t  = 0, 

t h a t  i s  k l ( t )  = k ( t )  

on (O,T].  T h i s  ?roves t h e  uniqueness of k. 

f o r  h 5 t 5 2h. By induct ion  k ( t )  = kl ( t )  

To prove (iii) suppose k ( t )  = 0 f o r  a l l  t on an i n t e r v a l  

0 < t < T. 

(0 ,T) .  This  con t r ad ic t s  t h e  assumption a ( t )  > 0 so t h a t  (iii) follows. 

This  completes t h e  proof o f  Theorem 2. 

Then it follows from equation ( R )  t h a t  a ( t )  = 0 a. e. on 

Corollary 1. Suppose a( t )  satisfies (~1-3). 

(i) 

(ii) If I O a ( t ) d t  = A < Q) then j -  

00 - If a ( t )  { L l ( O , m ) ,  - then I 0 k ( t ) d t  = 1. 
m 

00 

I k ( t ) d t  = A(l+A)-’  < 1. 
0 
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1 . .  
Proof. Suppose a ( t )  j! L ( 0 , ~ ) .  The s o l u t i o n  x ( t )  o f  t h e  equation - 

t 
x ( t )  = 1 - / ,a(%-s)x(s)ds  

t 
is x(t )  = 1 - lek( s)ds .  By Theorem 2 above x ( t )  i s  nonnegative 

and nonincreasing. 

S u p p s e  t h a t  l i m  x ( t )  = x(m) > 0 ( t  4 w) . Then 

t 
x ( t )  5 1 - j ,a( t -s)x(m)ds + - w  

as t 4 m. T h i s  c o n t r a d i c t s  x ( t )  I 0 and proves p a r t  ( i).  

- Now suppose a ( t )  E L'(0,m). If * denotes t h e  Laplace 

t ransformat ion ,  then  it follows from equat ion (R.) t h a t  

k*(w) = a*(.) - a*(w)k*(v), 

when Re w L 0. Since a*(O) = A, p a r t  (ii) 

Thi s  proves Corol la ry  1. 

Def in i t i on ;  - A func t ion  b ( t )  c i s  completely 

and only i f  b E C"(O,=) and --- - 

fo  l low s i m e d  i a t  e ly . 

monic on 0 < t < 00 if -- - 

j ( j )  (-1) b (t) 2 0 .  (j = 0, 1, 2,.-*, 0 < t < w) 

8 
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It i s  known, c . f .  [13, p. 1611 t h a t  a func t ion  a ( t )  i s  com- 1. 

p l e t e l y  manic on (0,m) i f  and only i f  t h e r e  e x i s t s  a nondecreasing 

func t ion  y- such t h a t  

where t h e  i n t e g r a l  i s  abso lu te ly  convergent f o r  each t i n  (0,~). 

LEMMA 1. If a ( t )  i s  completely monic on 0 < t < 00, then  a ( t )  0 - - - -- - 
o r  a ( t )  > O  f o r  a l l  t E (0 ,m) .  - -- 
Proof. If a ( t  ) = 0 f o r  some t > 0, then  s ince  a ' ( t )  5 0 we 

0 0 - 
see t h a t -  a ( t )  = 0 f o r  a l l  t 2 to. Since l i n e  (7)  impl ies  t h a t  

a ( t )  i s  t h e  r e s t r i c t i o n  t o  t h e  p o s i t i v e  r e a l s  of an a n a l y t i c  func- 

. t i o n ,  Lemma 1 i s  proved, 

UMMA 2. If a ( t )  i s  completely monic on 0 < t < 09 and a ( t )  f 0 - - -- - 
- t hen  a ( t )  s a t i s f i e s  ( A 3 ) .  

Proof. 

log a( t ) .  

Assurrption (A3)  i s  equiva len t  t o  t h e  convexi ty  o f  t h e  func t ion  - 
This i n  t u r n  i s  equiva len t  t o  t h e  condi t ion  t h a t  

y ( t )  = a ( t ) a " ( t )  - ( a ' ( t ) )  2 2 0. ( O < t  <=) 

Using (7) we see t h a t  . 



. * a -  < . . * : .  
c 

m m  

z(z-w)exp(-t(z+w))dy(z)dy(w). = JoJ.0 

Using t h e  absolu te  convergence of t h e  i n t e g r a l s  it follows t h a t  

a003 m z  
z( z-w)exp( -t( z+w))dY(z)dY(w) = Io./o z(  z-w)exp(-t(z+w))dy(w)dy(z) $01, 

w w  
= /,JOw(w-z)exp( -t(w+z))dy(z)dy(w).  

Therefore  

This  proves Lemma 2. 

Corol la ry  2. If a ( t )  i s  nonconstant, 1-ocally in t eg rab le  and can- - -- - 
l e t e l y  monic on t h e  i n t e r v a l  0 < t < a, t hen  t h e  s o l u t i o n  k ( t )  of  P--- -- - 

equat ion ( R )  s a t i s f i e s  a l l  of  the  conclusions o f  Theorem 2 and Caro l l a ry  --- - - 
1 above. - 
Proof. This  fol lows immediately from Lemmas 1 and 2 above. - 

Now c m s i d e r  t h e  sequence o f  func t ion  (k defined by l i n e  n 

(6) of t h e  proof o f  Theorem 2. 

sequence such t h a t  f o r  any T > 0 t h i s  subsequence canverges i n  t h e  

sense L l ( 0 , T )  t o  t h e  s s l u t i o n  k. Since t h e  s o l u t i o n  k o f  equat ion 

It was shown t h a t  t h e r e  e x i s t s  a sub- 

* 
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( R )  i s  unique, it i s  e a s i l y  shown t h a t  t h e  e n t i r e  sequence kn 7 k  i n  

t h e  Li sense on each i n t e r v a l  [O,T]. 

more can be s a i d  about t h e  convergence 

TmOREM 3. - Let a ( t )  - be nonconstant, 

p l e t e l y  monic on t h e  i n t e r v a l  0 < t < --- 
are as defined i n  t h e  proof o f  Theorem -- ---- 

If a ( t )  i s  completely monic, 

k + k .  n 

l o c a l l y  in t eg rab le  and com- -- 
Q). Suppose &n, a and kn 

2 above. Then 

n -  

- -  
(i) f o r  each t > 0 t h e  sequence [ k n ( t ) )  is nondecreasing with - - 

k n ( t )  + k ( t ) ,  - and 

(ii) f o r  each pair  of  cons tan ts  t and tl w i t h  0 < t < tl 
0 ---- o -  - 

t h e  sequence k n ( t )  -+ k ( t )  uniformly f o r  t E [ t  t 3 .  
0’ 1 - - 

Proof. P ix  m and n w i t h  m > n. Define - 

z ( t )  = km(t )  - k n ( t )  and f ( t )  = a,(t) - a n ( t ) .  

Then z s a t i s f i e s  

t 
z ( t )  = f ( t )  - / ,a(t-s)z( s )ds .  

. I n  order  t o  apply Theorem 1 above w e  must show t h a t  when 0 5 T S T <t, 
- 

y = f ( T ) a ( t - T )  - f ( t ) a (T-7 )  5 0. 

8 

Using (7) we see t h a t  



where 6 = E n  - em > 0. Therefore 

where 

S p l i t  y i n t o  t h e  twa i n t e g r a l s  

If we reve r se  t h e  o r d e r  o f  i n t e g r a t i o n  i n  12, interchange t h e  r o l e s  

o f  r and s, and then  add I1 and I2 it fol lows 

A = exp( -rt-sT)-exp( - r T - s t ) ,  

B = exp( rT-sEm) ,  c T l-exp( -s6), 

D = exp(sT-r& m ), E = l -exp(-r&).  

t h a t  



. .  . .  . ,. ' . *  . 

ii ., 

Since T,6 and t - T > 0 and 0 < s < r it i s  e a s i l y  shown t h a t  

-A, B-D and C-E a r e  pos i t i ve .  Thus y S 0, z ( t )  2 0 f o r  all 

t > 0. Therefare  whenever m > n 

0 6 k ( t)  - k n ( t )  S a ( t e m )  - a ( t e n )  ( 8) .m 

uniformly for a l l  t > 0. 

Since t h e  sequence ( k n ( t ) ]  i s  nondecreasiag and i s  bounded 

above by a ( t ) ,  it converges t o  a l i m i t  k l ( t ) .  Line (8) impl ies  

t h a t  { k n ( t ) ]  i s  a Cauchy sequence uniformly on each compact subset  

o f  0 < t < a. Therefore k l ( t )  i s  continuous and must equal  k ( t )  

for a l l  t > 0. T h i s  proves p a r t  ( i).  

Le t t ing  m -+ co i n  (8) it follows t h a t  ' 

0 5 k ( t )  - k n ( t )  5 a ( t )  - a ( t i e n ) ,  

uniformly f o r  a l l  t > 0. T h i s  proves p a r t  (ii) and completes t h e  

proof of  Theorem 3 .  
I 

Note t h a t  i n  case  a ( t )  i s  completely monic, k ( t )  i s  a l s o  

completely mnic.  By Theorem 8 o f  [ 2 ]  .the so lu t ion  x ( t )  of  t h e  equa- 

t ion 
& -  - -- 

t 
x ( t )  = 1 - I a( t - s )3 (  s ) d s  

0 



t 
i s  completely monic. Since x ( t )  = l-lok(s)ds, 

for  j = 1, 2, 3, ... and t h e  remark follows. 

111. PFELIMIXARY RESULTS 

T h i s  s e c t i o n  con ta ins  gene ra l i za t ions  o f  some of t h e  resul ts  

i n  E l l ] .  

LEMMA 3.- S u p p s e  a ( t )  s a t i s f i e s  ( A l - 3 ) .  --- For some f ixed  T > 0 l e t  - 1 

05 
'p and 0 be nonnegative w i t h  8 E L (0,T) and cp Lw(O,T). Then 

t h e  s o l u t i o n  z o f  

- - - - - 
- - 

t t 
( 9 )  z( t )  = /,a( t -s)e(  s)ds - l o a (  t-s)cp( S )  z(  s ) d s  

e x i s t s  on t h e  i n t e r v a l  0 5 t S T and i s  nonnegative t h e r e .  - -- -- 
Proof. 

t o  t h e  equation 

Let M = l + e s s .  sup. cp(t), 0 5 t 5 T. Then (9)  i s  equiva len t  - 

Since Ma(t) 

sume t h a t  0 S p(s )  5 1 on [O,T]. 

a l s o  satisfies ( A I - 3 )  it i s  no loss of g e n e r a l i t y  t o  as- 
- -  _i 

Equation (9) may be  w r i t t e n  i n  t h e  form 

t 
z ( t )  = f ( t )  - / , a ( t - s ) z ( s )ds ,  



e_ where 

t 
f(t) = I ,a(t-s)!e(s) + (l-q(s))z(s)>ds. 

If k i s  t h e  s o l u t i o n  o f  ( R ) ,  then it fol lows t h a t  

t 
z ( t )  = f ( t )  - I ,k ( t - s ) f ( s )ds ,  

o r  

Since t h e  reasoning i s  r eve r s ib l e ,  equat ions (9)  and (10) a r e  equlval-  

en t .  Since t h e  c o e f f i c i e n t s  i n  equat ion (10) a r e  nonnegative, z ( t )  

must be nonnegative f x  a s  long as it e x i s t s .  The nonnegat iv i ty  o f  z 

and (9) imply 

t 
0 I z ( t )  S Ioa(t-s)O( s ) d s  

for  as long as z e x i s t s .  Thus z ( t )  . e x i s t s  on [O,T] and Lemma 3 

i s  proved. 

Coro l l a ry  3. If i n  LerrJna 3 one has 0 ( t )  > 0 a. e., t hen  z ( t )  > 0 --- -- - 
for 0 < t 5 T. * - 



._ . . 
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t 
Proof. Line (10) impl ies  t h a t  z ( t )  2 l o k ( t - s ) e (  s)ds. Using Theorem - 
2, part (iii) it follows t h a t  

t 
/ok(t-s)e( s ) d S  > 0 

when 0 < t 5 T. This  proves Corollary 3 .  

L!3MM!l 4. Suppose a, (p, 8 and T satisf'y t h e  hypotheses o f  Lemma 3 .  - -- - - 
Suppose z so lves  

h t 
(11) z( t)  = I o a (  t+h-s )@( s)ds - Ioai t-s)rp( s )z (  s ) d s ,  

where 0 < h < T. Then z e x i s t s  and i s  nonnegative on [O,T]. -- - - - 
Proof. 

Also note  t h a t  (11) i s  equivalent  t o  

A s  i n  t h e  proof o f  Lemma 3 one may assume t h a t  0 I; q ( t )  5 1. - 

t 
z ( t )  = f ( t )  + j o k ( t - S ) ( l + (  S ) ' ) Z (  S ) d S ,  

t h  
__ 
~ - f(t)  = !,a( t+h-s)6(  s)ds - IoIok( t-s)a( s+h-u)6( u)duds. 

Using ( R )  and some manipulation it follows t h a t  



LhX ~ t h  h t  J 1 k ( t - s ) a (  s+h-u)Q(u)duds‘ = /o[ /ok(t-s)a(  s+h-u)ds)Q(u)du 
0 0  

0 h t+h-u 
k( t +h-u-s) a( s)ds - k( t-s) a( s+h-u) ds) e( u)du 

= so(s.o &-h 

h 0 
k( t-s)  a( s+h-u) ds) e( u)du. - h-h = lo [a( t+h-u)  - k(t+h-u) 

Therefore  

h 0 
f(t) = Jo{k(t+b-u) + L-hk(t-’s)a( s+h-u)ds)Q(u)du 2 0. 

Since t h e  c o e f f i c i e n t s  o f  equation (12) a r e  nonnegative, 

Thus ( l l ) - i m p l i e s  t h a t  f o r  as long as z e x i s t s  

z ( t )  1 0. 

h 
0 5 z ( t )  5 1 a( t+h-s )O(s)ds .  

0 

Therefore z e x i s t s  on t h e  i n t e r v a l  [O,T] and Lemma 4 i s  proved. 
I 

a ( t )  s a t i s f i e s  ( A l - 3 ) .  If k i s  t h e  so lu t ion  -- - LEMMA 3. Suppose - 
o f  ( R ) ,  then f o r  each f i n i t e  T > 0 - --- 

T 
1 k ( t ) d t  < 1. 
0 

- -  -_- - - - 

- t - - 

Proof. The func t ion  x ( t )  = 1-/ k ( s ) d s  i s  t h e  so lu t ion  o f  
0 - 
t x ( t )  = l - / o a ( t - s ) x ( s ) d s .  . 



. .* - . *  
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Suppose for con t rad ic t ion  t h a t  x ( t )  = 0 for a l l  t 2 T > 0. We may 

assume that T is t h e  smal les t  such number. If tl > to > T, then 

T 
x ( t j )  = 0 = l - jOa(t j -s}x(s)ds ,  

and 

Since a ( t )  i s  nminc rcas ing  arid x ( s )  > 0 when 0 5 s < T, 

-a(to-s) = a( t l -s)  vhen 0 5 s < T .  Since t and tl a r e  a r b i t r a r y ,  
0 

a ( t )  = A, a cons tan t ,  for all t 2 0. 

for k ( t )  = A exp(-At).  For t h i s  k ( t )  no such T can e x i s t .  This  

proves Lemma 5 .  

Equation ( R )  can then  be  solved 

Coro l l a ry  5 .  Supposc t h e  hypotheses o f  Lemn 4 a r e  s a t i s f i e d .  If - -- - - 
G ( t )  > 0 a .  e.  then  t h e  so lu t ion  z ( t )  of (11) i s  p o s i t i v e  when - - - -- 

Proof. 

z ( t )  h f(t). I n  order t o  show t h a t  f ( t )  > 0 it is s u f f i c i e n t  

t h a t  k ( t )  > 0 on t h e  i n t e r v a i  0 < t < 03. 

It follows from line (12)  of t h e  proof of  Lemma 4 t h a t  - 
- 1  

to show 

I f  k ( t )  = 0 for any t > 3 then equat ion ( R )  h a s  t h e  form 

. 
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0 = a ( t )  - Joa ( t - s )k ( s )ds .  't 

Using Lemma 5 and t h e  assumption t h a t  a ( t )  is nonincreas- 

i n g  it follows t h a t  

t t 
a ( t )  = !,a(t-s>k(s)ds 2 a ( t ) l o k ( s ) d s  > a ( t ) .  

The con t r ad ic t ion  shows t h a t  k ( t )  > 0 on any i n t e r v a l .  This  proves 

-4 t 
( N )  x ( t )  = /,a(t-s)G(x( s)  , s )ds ,  ( t  2 0) 

toge the r  with t h e  fol lowing assumptions: 

'(Ab) G i s  measurable i n  ( x , t )  f o r  -00 < x < a, 0 5 t < a, con- 

t i nuaus  and nonincreasing i n  x f a r  each f ixed  t, and bounded 

on each f i n i t e  rec tangle  x1 5 x 5 x 

There i s  a funct ion 

0 5 t 5 tl. 2' 

(A?) u ( t ) ,  bounded on each f i n i t e  s u b i n t e r v a l  

of [O,-) such t h a t  G(u ( t ) , t )  = 0 fo r  a l l  t Z 0. 

(A6) G(x,t) i s  l o c a l l y  Lipschi tz  continuous i n  x. 

THEOREM 4. If a ( t )  sat isf ies  ( A l - 3 )  and G s a t i s f i e s  (~4-6)' 

t hen  equat ion ( N )  has a unique l o c a l  so lu t ion .  

The proof o f  Theorem 4 i s  we l l  kpown. 



. .  . 
C .  

. . .  . - . , . .  . .  . . . , . .  . -  . .  
THEOREM 3.  Si-i-ppose' a(t) s a t i s f i e s  (AI-3) and both G -- 1 

satisfy ( ~ 4 - 6 )  - with G2(x,t) 5 Gl(x,t) -- for  a l l  Let yi - 
t .  

so lve  
. . . . .  

Suppose both  - (N) when G = Gi ,  i = 1, 2. - e x i s t  y2 - 

then  

i n t e r v a l  [ O,T]. 

- Then y2( t )  5 y,(t) - on [O,T]. 

I f  i n  add i t ion  G2(x,t) < G1(x,t) f o r  a l l  -- -- (ii) 

y,(t) < y l ( t )  when 0 < t -5 T. 

Proof. On t h e  i n t e r v a l  0 5 t 5 T de f ine  z(t) 
_c_ 

and 

0 

Clea r ly  'p( t)  i s  nonnegative and measurable. Assumption (A6) impl ies  

cp E Lm(O,T). Using t h e  d e f i n i t i o n s  o f  zJ  cp and 8 it fol lows t h a t  

t t 
= I,a(t-s)e( s ) d s  - Joa(t-s)q( s)z( s )ds .  

z ( t )  2 0. This proves ( 5 ) .  Lemma 3 implies  

To prove p a r t  (ii) note  t h a t  G ( s )  > C i n  t h i s  case. There- 
* 

f o r e  z ( t )  > 0 by Corol lary 3. This  p a v e s  Theorem 5 .  



* . .  . . . .  . . .  . - . . - .  - -  . , .  . . .  
LEG 6. Suppose ( ~ 1 - 6 )  a r e  s a t i s f i e d .  If G i s  independent a f  t 

I 2 -  - - - 
. ,  . . . . .  

and u ( t )  G M 2 0, then  t h e  so lu t ion  x ( t )  o f  ( N )  e x i s t s  f o r  a l l  - -- - --- . .  . .  

t 2 0 and s a t i s i f e s  0 5 x ( t )  d M. - 
Proof. If M = 0, then  x E 0. If M > 0 l e t  y = M-x so t h a t  

t 
y ( t )  = M-/oa( t - s )G(M-x(  s ) ) d s .  

Theorem 1 above implies  t h a t  

proves Lemma 6. . 

0 5 y ( t )  5 M f o r  a l l  ' t  1 0. This  

,THEOREM 6. Suppose (AI-6) a r e  s a t i s f i e d .  If n, M 5 0 a r e  such t h a t  
,--- - - 

-m 5 u ( t )  S M on 0 5 t 5 T and i f  x ( t )  i s  t h e  so lu t ion  o f  ( N ) ,  

t h e n  x ( t )  e x i s t s  on [O,T] and s a t i s f i e s  - m . S  x ( t )  5 M. I n  

- - -- -- 
- - - - 

p a r t i c u l a r  x ( t )  e x i s t s  for a l l  t z 0 .  -- 
Proof. 

PP= 544-5451 

Our proof i s  e s s e n t i a l l y  t h e  same as Padmavally's, c . f .  [ll, - 

Define a func t ion  H by 

Clea r ly  H(x) e x i s t s  and i s  nonincreasing. Since 



- .  - .  
’ * ‘ . *  . 

it follows t h a t  H i s  l o c a l i y  Lipschi tz  continuous. 

Let us defiric t h a t  N = sup u ( t )  on t h e  i n t e r v a l  0 5 t 5 T.  - - .  
F .  

Pick tn such t h a t  u ( tn)  + PT and 0 S t d T. Then n 

H(M) = l i m  H ( u ( t  ) )  = l im(sup G(u( tn ) , t ) ]  5 l i m  sup(G(u(tn) , tn))  = 0 .  
n t  n n n 

- . _ _ _  .- - -  . -  - -  - .  

If x < N, then  t h e r e  e x i s t s  a t E [O,T] such t h a t  u ( to )  Z x. 
0 

Therefore  H(x) = sap G(x, t )  2 G(x,t ) 2 0, and so H(N) = 0. T h i s  shows 0 

t h a t  t h e  funct ion u*( t )  corresponding t o  H can be taken t o  be 
t 

u * ( t )  N 2 0. If N L 0, then  we may a s s m e  M = N .  If N < 0, then  

we mr,y a s s u m  M = 0. In  t h i s  case rep lace  H(x)  by H ( x + N ) .  . -  

. Let y ( t )  solve t h e  equation 

- .  

t 
y ( t )  = ioa( t - s )H(y(  s))ds. 

By Lemma 6, y ( t )  exists and 0 5 y ( t )  5 M f o r  a l i  t B 0 .  By Theorem 

2 5 ,  M 2 y ( t )  Z x ( t )  f o r  a s  long  as  x ( t )  e x i s t s  and 0 5 t 5 T. 

The same argument shows t h a t  i f  X = -x, then  m B X ( t )  = - x ( t )  for  I’ % 

c,- 
as  long as x ( t )  e x i s t s  and 0 5 t 5 T.  Therefore  x ( t )  e x i s t s  and 

satisfies -m 5 x ( t )  5 M on t h e  i n t e r v a l  0 h t 5 T .  The l a s t  l i n e  

of Theorem 6 foI.lows from (A?) and t h e  f i r s t  p a r t  o f  t h e  theorem. 

This  proves Theorem 6. 

1 -  

. 
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ry 

c. 

if x( t+h)  # x ( t )  and cp(t) = 0 otherwise.  Let z and z2 so lve  1 

, . . . . . . .  . . .  ........ . . . . . . . . . . . . . . . . . .  . . .  

THEOREM 7. 

placed by 

(A7) . G(x,t). ' i s  uniformly continuous i n  

Theorems 4, 5 and 6 remain true i f  assumption (A6) i s  re- -- -L - 
- 

. . . . . . . .  . . . . . . . . .  . .  . . . . . . .  . . .  
x over each f i n i t e  r ec t ang le  - - -- 

x s x 5 X 2 ' 0 5 t s t l .  1 

The proaf  of Theorem 7 is t h e  same as t h e  proof given by 

Padmavally i n  [ll, pp. 547-5491. 

I V .  MONOTONE SOLUTIONS 

The p u r p s e  of  t h i s  s ec t ion  i s  t o  gene ra l i ze  Theorems I V  

and V ' o f  1111 (compare [2, p. 331 and sec t ion  3 3 )  .. 

THEOREM 8.  Suppase ( A l - 5 )  and e i t h e r  (A6) (A7) hold.  If G(x,t) 
- I  

i s  - nondecreasing i n  - t f o r  - each f ixed  -- X and - 2 0 ,  then  t h e  -- 
s o l u t i o n  x ( t )  o f  ( N )  i s  nonnegative and nondecreasing on 0 d t < Q). 

If i n  add i t ion  (A6) holds and e i t h e r  

- - - - 

(b) G(x, ' i )  i s  ( s t r i c t l y )  i nc reas ing  2 t, - 
t hen  x ( t )  i s  increas ing  3n 0 5 t < m. - - - 
Proof. 

(A7) i s  s a t i s f i e d ,  c. f .  '[ll, pp. 547-9491. Fix h > 0 and d e f i n e  

It is ' enough t o  consider  t h e  case where (A6) r a t h e r  than  - 

t h e  equat ions 



and 

Since  G i s  nmdecreas ing  i n  t, t h e  func t ion  u ( t )  i s  nondecreasing. 

By Theorem 6 above 0 5 x ( t )  5 u ( t )  - f o r  0 I t < 00. Thus G ( x ( t ) , t )  L 0 

f o r  a l l  t 2 0. Lemma 4 impl ies  t h a t  z , ( t )  2 0 f o r  all t L 0. 

Since G i s  nondecreasing i n  t, z 2 ( t )  2 0 by Lemma 3 above. There- 

f o r e  

for a l l  t 2 0. Since h > 0 i s  a r b i t r a r y  t h e  func t ion  x i s  non- 

decreasing.  

E 

If ( a )  holds  then  by Corol lary 5 z,(t) > 0 f o r  a l l  t > 0. 

If ( b )  holds  then  by Corol la ry  4 z ( t )  > 0 f o r  a l l  t > 0. I n  

e i t h e r  case x(t+h)  - x ( t )  > 0 for  a l l  t > 0 and a l l  h > 0. 

2 

This proves Thearem 8.  

THEOREM 9. 

Suppose G(x,t) 'is nondecreasing i n  t f o r  each f ixed  x, 

Suppase ( A l - 3 )  and e i the r  ( A 6 )  or (A7)  a r e  s a t i s f i e d .  - - - 
- I --- 

u(0)  2 0 and 0 < u ( w )  < a. 
. 

(i) Suppose f o r  each 6 > 0 the re  e x i s t s  U > 0 and Cp( 6 )  > 0 - - -- 



.A 

such t h a t  G(x,t) 2 cp( 6) if t 2 U and 0 < x < u(t)-6.  If 

a { L’(0,a) the= t h e  so lu t ion  x ( t )  of (N) t ends  t o  t h e  l i m i t  

u(=) . a s  t +m. 

- - - -- 
1 . ,  . .  ---- - -- 

- 
(ii) If G(x+u( t ) , t )  -+O as  ( x , t )  + ( O - , C Q )  and i f  a 6 L 1 (0,~) - - 

then  t h e  so lu t ion  x ( t )  of  ( N )  t ends  t o  a l i m i t  x ( m )  < u ( m )  

a s  t -+a. 

---- - -- 
- 

Proof. Note t h a t  u ( t )  i s  bounded and nondecreasing so t h a t  u(a)  

e x i s t s .  Theorem 6 above implies  tha’t 0 5 x ( t )  5 u ( t )  5 u(a )  for 

a l l  t 2 0. Theorem 8 implies  t h a t  x ( t )  i s  nondecreasing. There- 

fore  x ( a )  e x i s t s  and 0 I x ( a )  5 u(a )  . 

3-.. 

To prove p a r t  (i) suppose u ( a )  - x ( a )  = 8 > 0. Then t h e r e  

e x i s t s  a- T > 0 such t h a t  G ( x ( t ) , t )  4 (p (9 /2 )  > 0 for a l l  t 2 T.  

Therefore  a s  t + c o  

t T t 
x ( t )  = l o a ( t - s ) G ( x ( s ) , s ) d s  2 /oa( t - s )G(x(s ) , s )ds  +- a( t - s ) (p(e / s )ds  + CQ. T 

This  c o n t r a d i c t s  t h e  boundedness o f  x( t )  . 
To prove p a r t  (ii) suppose x (a )  = u(m)  . Given E > 0 t h e r e  

e x i s t  To and cp > 0 such t h a t  if t 2 T and 0 < u( t ) -x  < cp 

then  0 5 G(x, t )  < E .  There e x i s t s  T 2 T such t h a t  0 < u( t ) -x ( t )  < cp 

for a l l  t L To Therefare  when t 2 T 

0 

0 



- .  - .  
Q. 

. 4  

Since € > 0 i s  a r b i t r a r y  0 = x(w) = u(-) > 0. This  cont ra? ic t ion  

proves part (ii). This  completes t h e  proof o f  Theorem 9. 

V. .PERIODIC CASE 

Assume t h a t  G s a t i s f i e s  ( A 4 )  and t h e  fol lowing a d d i t i o n a l  

a s sumpt ion  s . . 
( A 8 )  G(x,t)  i s  l o c a l l y  Lipschi tze  continuous i n  x with Lipschi tze  

cons tan ts  independent o f  t E [O,m). 

( A 9 )  There i s  a funct ion u ( t )  and a cons tan t  M > 0 such t h a t  

G(u ( t ) , t )  = 0 and I u ( t ) l  5 M f o r  a l l  t I O .  

(A10) There e x i s t s  a measurable func t ion  Go(x,t) def ined f o r  -- < x, 

t -< - and 2 L p e r i o d i c  i n  t such t h a t  

l i m  IG(x,t)-Go(x,t)l = 0 
. t-+- 

uniformly f o r  x on compact subse ts  o f  (--,a). 

LEMMA 7. If G s a t i s f i e s  (Ah) and (AS-10) then  - 
G (x,t)  is nonincreasing i n  x for each f ixed  t, (i) 0 

(ii) sat isf ies  (A8) 

(iii) G(x,t) and Go(x,t) are bounded on s e t s  o f  the forn 

1x1 5 K, 0 5 t < m f o r  any f ixed  K > 0, and 

(iv) t h e r e  e x i s t s  a bounded 2 L p e r i o d i c  func t ion  u o ( t )  such t h a t  
* 

Go(uo(t) , t )  = 0 f a r  a l l  t 2 0 and luo ( t ) l  5 M. 



Proof. Only p a r t  ( i v )  needs comment. F i x  any t E [0,2lT). Since 

t h e  sequence 

- 
(u(Znn+t) ;  n = 1, 2, 3 ,  . . .I i s  bounded, t h e r e  i s  a 

subsequence and a number u,(t) such t h a t  

u(2n J .II+t) - u,(t) 3 0. (3 -4 

Therefore  i f  m.= 0, 1, 2,. . . 

This  de f ines  uo( t )  on [0,2II). Now extend u ( t )  pe r iod ica l ly .  

Note t h a t  t h e r e  i s  no loss of  g e n e r a l i t y  i n  assuming e i t h e r  t h a t  2ll 

i s  t h e  l e a s t  per i3d o f  Go(x,t) i n  t 31 t h a t  Go i s  independent 

o f  t. I n  e i t h e r  case  uo ( t )  may be  def ined so t h a t  it has t h e  same 

l e a s t  per iod.  This  proves Lernma 7. 

0 

THEOREM 10. 

x ( t )  of ( N )  e x i s t s  f o r  a l l  t L 0 and s a t i s f i e s  I x ( t ) l  6 M. If i n  

If (AI-4) and (~8-10) - a r e  s a t i s f i e d ,  -- then  t h e  so lu t ion  - - 
-- - -- 

a d d i t i o n  ' e i t he r  

( a )  G ( x , t )  i s  ( s t r i c t l y )  decreasing i n  x f o r  each f ixed  t, - or  - - --- 0 

t hen  t h e r e  e x i s t s  a 2II-periodic, continuous func t ion  cp 

x(t)-cp(t) + 0 as t + m. The func t ion  q has t h e  same l e a s t  period 

-- such t h a t  -- - 
- - --- - 

and i s  a cons tan t  i f  Go i s  independent o f  t. &s Go - c - 



t 

. .  
Proof.  Theorem - 
f o r  a l l  t B ,O. 

1x1 5 m+1, 0 5 

The cons tan t  N 

(13) 

6 and ( A 9 )  imply t h a t  x ( t )  e x i s t s  and [ x(t) l  d M 

Let L be t h e  Lipschi tze  cons tan t  f o r  G when 

t < Q). For any N > L, x ( t )  s a t i s f i e s  t h e  equat ion 

t 
x(-t) = Jo[rJa(t-s)) [G(x(s),s)/N]ds. 

can be  picked. so l a r g e  t h a t  

S ince  t h e  func t ions  Na(t) and G(x,t)/N also s a t i s f y  (A1-4)  and 

(A8-10) it i s  no loss of  g e n e r a l i t y  t o  assume t h a t  (13) and (14) a r e  

t r u e  when N = 1. 

Define a s e t  o f  func t ions  

S = f z ;  z is  continuous, 2lI-periodic and I z ( t ) [  5 2 M  for a l l  t h  01 

(If  Go i s  independent o f  t, rep lace  S by t h e  subse t  o f  S con- 

s i s t i n g  o f  cons tan t  func t ions . )  For any. z € S d e f i n e  
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t 

where k i s  ' the s o l u t i o n  of t h e  r e so lven t  equat ion ( R ) .  C l e a r l y  T 

i s  a completely continuous mapping of  

t i n u c u s ~ 2 L p e r i o d i c  func t ions  w i t h  t h e  uniform norm. 

S i n t o  t h e  s e t  of a l l  con- 

I n  order t o  show t h a t  T: S + S f i x  z E S and t E [0,2II). . 

If M 5 z ( t )  5 214, t hen  l i n e  (14) imp l i e s  t h a t  0 s-Go( z ( t ) , t )  5 M. 

' Therefore  0 5 z ( t )  + Go( z ( t ) , t )  5 2M. S i m i l a r l y  i f  -2M 5 z ( t )  I -M, 

t h e n  0 2 z ( t )  + Go( z ( t ) , t )  2 -2M. If I z ( t ) l  5 M, t hen  

S ince  t E [0,25I) i s  a r b i t r a r y  it follows t h a t  

t Qo 

I T z ( t ) l  5 k(t-s)2Mds = {Jok(s)ds)2M 5 2M. 
-OD 

Since  z E: S i s  a r b i t r a r y ,  T: S +S. 

By t h e  Schauder F i x  B i n t  Theorem t h e r e  e x i s t s  a func t ion  

cp E: S such t h a t  

This  f m c t i o n  cp i s  t h e  unique 2TI-periodic cont inuous s o l u t i o n  of 

(15). For if  8 i s  another  such s o l u t i o n  d i s t i n c t  from cp, t hen  



I '. .J . , '* 
'I 

I 

I 

I-- 

t h e r e  e x i s t s  to € [0,21r) such t h a t  

vr, 
L- 

Define r ( t )  = 'P ( t+ to)  - and - _  

1. 

when r ( t )  # 0 and g ( t )  = 0 i f  r ( t )  = 0. C lea r ly  r ( t )  i s  

measurable. By ( A l O )  and l i n e  (13) it fol lows t h a t  

f o r  a l l  t 2 0. bloreovcr r ( t )  sa t i s f i e s  t h e  equati-on 

0 5 g ( t )  5 1/2 

t 
. r(t) = k ( t - s ) ( l - g ( s ) ) r ( s ) d s .  (-a < t < w) -m 

Suppose condi t ion  ( a )  i s  s a t i s f i e d .  Then t h e r e  exis ts  

tl > 0 such t h a t  k ( t ) ,  r ( t )  and g ( t )  a r e  all 

on t h e  i n t e r v a l  ( 0  t ).  Therefore we ob ta in  t h e  '1 

0 m 

Suppose condi t ion  (b) i s  s a t i s f i e d .  Then 

s t r i c t . l y  p o s i t i v e  

con t r ad ic t ion  



Therefore  i n  e i t h e r  case (a )  or  (b )  t h e  so lu t ion  Q, of  (15) i s .  unique. ' 

I n  order  t o  show t h a t  x ( t )  - q ( t )  3 0 as t 3 00 write 
. .  

x( t )  i n  t h e  form 

as t -$a. Define w ( t )  = x ( t )  - cp(t) for a l l  t t 0. Let 

= l im  sup w ( t )  and w1 = lim i n f  w ( t )  as t 4 30. Without l o s s  

of  g e n e r a l i t y  it may be assumed t h a t  w 2 I w I . (otherwise rep lace  

x by -x and rp by 9). 

wO 

0 1 

S u p p s e  for cont rad ic t ion  t h a t  w > 0. Pick & > 0 and a 
0 

p o s i t i v e ,  i nc reas ing  sequence (t,] such t h a t  w ( t n )  -+ w and 

w(t,) 2 Za Since 
0 

i s  t h e  convolution of a func t ion  i n  

L""(O,m), x ( t )  i s  uniformly continuous. Therefore t h e r e  e x i s t s  T > 0 

such t h a t  w ( t + t , )  L & when [ t[ I T and n = 1, 2, 3 , .  . . 

L'(0,w) wi th  a fhnc t ion  i n  

Now apply Theorem 1 o f  [ 71 t o  equat ion (16). By t h i s  r e s u l t  

a 
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t h e r e  e x i s t s  a subsequence of  t (which we again index by n) ,  a n 

number 7 E [O,Ur) and a function X ( t )  such t h a t  tn + -T (mod 2n), 

uniformly f a r ,  t on compact subsets  o f  ( - w J w )  and 

t 
X ( t )  = ! -00 k(t-s)(X( s) 4 G o ( X (  S) , s+T))ds . .  ( - 0 0  < t < w) 

Since Q, i s  2II-periodic and tn 3 7 (nod 2n), 

uniformly i n  t. T h e r e f o r e  X ( t )  - T ( t + T )  2 €! i f  -T 5 t I T. 

Define W ( t )  = X ( t )  - c p ( t + T ) .  Since W ( t )  = l i m  w ( t + t  ) n 

as n + m J  I W ( t ) l  5 wo for  a1.l t E (-03,~). Moreover $7 s a t i s f i e s  

t h e  equation 

where 



- ' ,  & 

if W( s) # 0 and g( s) = 0 if W( s) = 0. C lea r ly  go ( t )  i s  

measurable and 0 5 g ( s )  5 1 on t h e  i n t e r v a l  -w  < t < w. 
0 

Suppose condi t ion  ( a )  i s  s a t i s f i e d .  Then g,(t) > 0 on 

t h e  i n t e r v a l  -T S t 5 T.  Therefore we o b t a i n  t h e  con t r ad ic t ion  

0 .  0 Q) 

w = W ( 0 )  . = J -m k(-S)(l-go(S))W(S)dS < J -03 k(-s ) lW(s) lds  5 WoJok(S)dS 5 woo 
0 

4 
- a  , 

! 

- ' E  

i 

! 

s 

If condi t ion  ( b )  i s  s a t i s f i e d ,  t h e  .cont rad ic t ion  i s  

0 03 

w = W ( 0 )  S lfk(-s)~W(s)[ds 5 Jok(s)w ds < w . 
0 0 0 

Therefore  one must have w = 0. This  shows t h a t  x ( t )  - cp(t) -+ 0 

as t -+a ar,3 c m p l e t e s  t h e  proof of Theorem LO. 
0 

. 
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